Abstract: The relation between the cohomology of a Kähler manifold X and curvilinear obstructions to higher-order deformations is explored. It is shown that curvilinear obstructions to higher-order deformations of X annihilate the cohomology of X. Applying an analogous principle to curvilinear obstructions to higher-order deformations of pairs (Z,X) where Z is a submanifold of X, a variational version of the Hodge conjecture for K-trivial threefolds and fourfolds is proved under some special assumptions.
Introduction
The purpose of this paper is to explore a few consequences of the ideas about the role of ambient cohomology in obstruction theory introduced by S. Bloch in [B] , employed by Z. Ran in [R] and further clarified by Y. Kawamata in [Ka] . In some sense much of what is contained in this paper is at least implicit in this previous work. However we obtain some corollaries of their results which seem not to be known previously. One of these, namely Corollary (2.6), is central to the proof of a result of H. Kley and the author [CK] giving an explicit algebro-geometric formula for "counting" curves on K-trivial threefolds. Another, Theorem (3.2), is a stronger version of the principle that, "obstructions to deformations of a compact Kähler manifold X annihilate the ambient cohomology of X ," which was used to give a very simple proof of the unobstructedness of Calabi-Yau manifolds. Finally, Theorem (3.1) and Theorem (4.13) give, in somewhat special settings, a proof of a variational version of the (generalized) Hodge conjecture for Calabi-Yau fourfolds and threefolds, respectively.
In §1 we extract the obstruction theory we will use from the Kuranishi data associated to curvilinear deformations. (A curvilinear deformation is a deformation over an Artin ring of imbedding dimension one.) Although there are many references treating the general Kuranishi theory in the literature (see for example [Kod] ), we will interpret Kuranishi's theory as a theory of "transversely holomorphic" trivializations of one-parameter families of manifolds. We include a reconstruction of this theory as Appendices A and B of this paper, since we do not know a reference in precisely these terms. The other essential tool is the T 1 -lifting property, which, for convenience, we briefly reconstruct in Appendix C. It allows the computation of the interaction between obstruction classes to curvilinear deformations of a submanifold with ambient cohomology by reducing the computation to what is essentially a first-order computation. Finally, in Appendix D, we reproduce the standard argument that permits us, for our geometric applications, to restrict our attention to curvilinear obstructions.
The author wishes to thank A. Beauville, H. Kley, and C. Voisin for very helpful conversations which guided the formulations of Corollary (1.20) and Theorem (3.13) .
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T 1 -lifting, obstructions, and Hodge theory
This section relies on the basic Kuranishi theory of curvilinear deformations. We include a development of that theory as Appendix A of this paper, to which we will regularly refer below. Suppose M/∆ is a deformation of compact Kähler manifolds of (relative) dimension m over the complex disk ∆ with parameter t. Let β 0 ∈ A c,c (M 0 ) , be the cohomology class associated to an algebraic submanifold (1.1)
of codimension c = m − d. Suppose that we are given a transversely holomorphic projection (1.2)
as in Definition (A.2). We let
and
Suppose further that, under the restriction M n
is an algebraic submanifold of M n . Thus, for the associated Kuranishi datum
We wish to compare two obstructions, namely (1.5.1) the obstruction to extending B n /∆ n to a proper flat family of submanifolds
and
(1.5.2) the obstruction to
remaining of type (c, c) on M n+1 . To treat (1.5.1) we have:
denote the normal bundle of B 0 in M 0 . Under the above hypotheses, the image in A 0,1 N B0\M0 of the element ξ n+1 given in Lemma (A.5) is∂-closed, and its image in
is the obstruction (1.5.1). Proof: Using (1.4) the first assertion follows directly from the integrability condition in Lemma (A.7), since the Lie bracket of vector fields tangent to B 0 is again tangent to B 0 . Suppose now that , as in (A.3.4) of Lemma (A.3), adjust the trivialization σ n+1 of M n+1 so that the corresponding (1, 0)-vector field τ σ is replaced by
To deal with (1.5.2), we explore in our context the "T 1 -lifting property" introduced by Ran [R] (although the case of curvilinear deformations used below is already implicit in [B] ). We review T 1 -lifting separately as Appendix C of this paper, to which we make reference below.
(1.7) Lemma: Referring to the obstruction element
in formula (C.6), the obstruction to the property that
remain of type (c, c) on M n+1 is given by the element
On the other hand, we have the commutative diagram
Obstructions with values in differentials
We can also make the constructions of §1 equivariantly along a family of submanifolds of a given complex manifold. Let (2.1.1) X/∆ be a deformation of X 0 , a compact Kähler manifold, and let (2.1.2)
be a family of d-dimensional compact submanifolds parametrized by the polydisk D 0 . Let σ be a transversely holomorphic trivialization of the deformation
Notice that the projection
induces a natural isomorphism "integration over the fiber" (2.2)
We couple this isomorphism with the composition
to obtain an infinitesimal "higher-order" Abel-Jacobi map: (2.3.1)
Also, as in (1.8) we have a commutative diagram: (2.3.2)
And as in (1.9) we let
denote the Kodaira-Spencer class for the first-order deformation given by T 1 -lifting. Then, by construction, the image element
lies in the kernel of the morphism
and is, as above, the image of the obstruction
Then the relative version of Lemma (1.7) and (1.9) becomes:
be the obstruction to extending the family of submanifolds
the mapping
is the infinitesimal Abel-Jacobi map (2.3.1) applied to the element (2.4.2)∂
Proof: The assertion is an immediate consequence of the commutativity of diagram (2.3.2).
(2.5) Definition: An element
will be said to be associated to the normal cone if it can be constructed as in Theorem (2.4) for a case in which
Since the element (2.4.2) is zero for the trivial deformation
we have:
be associated to the normal cone. Under the pairing
given in (2.3.2), υ pairs to zero with every element of
vanishes by hypothesis, the obstruction to extending the deformation of B 0 must also vanish.
Theorem (3.1) is perhaps noteworthy in the case
where it says that, whenever
(implying that the deformation space of the pair (M 0 , B 0 ) is unobstructed), the Hodge conjecture for the cycle class of B 0 must be true on an open set containing
Another application gives the following extension to higher order of an unpublished result of A. Beauville for second-order obstructions:
be a deformation of a compact complex manifold M 0 , and let
denote the obstruction class to extending to a deformation
Then the mapping
is zero for all (p,q). Proof: We use the morphism
as in Appendix C to identify υ n+1 with the obstruction to extending the deformation (3.2.1)
The first-order deformation of M n−1 /∆ n−1 given by (the restriction of the) diagram (3.2.1) gives an element∂
We extend∂τ n−1 to an element
and we have that (3.2.2)
via the exact cohomology sequence:
Now by a well-known theorem of Deligne ([D] )
can be extended to an element
and we have
So, extending τ n−1 |η n to a form
we have that
which completes the proof.
Notice that Theorem (3.2) immediately implies the unobstructedness of deformations of Kähler manifolds M 0 of dimension m with trivial canonical bundle via the isomorphism
A variational version of the generalized Hodge conjecture for K-trivial threefolds
Finally we wish to reduce to a special situation in which Theorem (2.4) seems exceptionally useful. Let P be a projective manifold and let J ′ be a maximal connected subset of the Hilbert scheme of P with respect to the properties that:
(4.1.1) For all {Z} ∈ J ′ , Z is a connected local-complete-intersection subscheme of P of dimension 1.
(4.1.2) For all {Z} ∈ J ′ , the normal bundle N Z\P satisfies
So J ′ is a smooth, irreducible quasi-projective variety. Suppose further that we are given a vector bundle π : E → P and a regular section
such that the zero-scheme
we have by (4.1.2) (4.2.2)
for {{Z} ∈ J ′ } with Z ⊆ X 0 , so that by semi-continuity, shrinking J ′ as necessary, we will assume (4.2.2) holds for all {Z} in J ′ . Considering the vector bundle E as an algebraic variety, there is a natural isomorphism between E and the normal bundle of its zero section
which restricts to an isomorphism
Thus there is a natural deformation mapping (4.2.3)
where T X 0 denotes the tangent sheaf of X 0 . Further suppose that: (4.3.1)
where J is the incidence scheme, and, using (4.2.2) (see [Kl] ), there is a schemetheoretic equality (4.4)
where p * q * (s 0 ) is the induced section of the vector bundle (4.5)
We restrict our attention to a component S 0 of (I ′ 0 ) red. and denote its generic point as S 0 . As above we define the incidence variety (4.6)
and we let (4.7.1) I 0 denote the ideal sheaf of I 0 ⊆ S 0 × X 0 above, (4.7.2) J 0 denote the ideal sheaf of I 0 ⊆ S × P . Using (4.4) we have an exact sequence (4.8.1)
Applying
we have exact:
The first two (non-trivial) sheaves in (4.8.1) are locally free sheaves on I 0 . Therefore, by Verdier duality,
and, using in addition (4.1.2) which implies that J ′ is smooth:
We summarize these calculations in the following lemma:
(4.9) Lemma: There is a commutative diagram
with exact columns and all horizontal maps isomorphisms. Proof: All assertions except the identification of the sheaf Ω
follow from the computations just before the statement of the lemma. For this last, we consider E ∨ as linear functions on E which we pull back to J ′ via the section p * q * s 0 . Now use (4.4) and the commutative diagram:
induces an isomorphism:
So, by Lemma (4.9), (4.10)
Now suppose that we have the Abel-Jacobi map (4.11)
maps into an abelian variety A 0 . This map is determined by the choice of some general basepoint {Z 0 } ∈ S 0 at which S 0 is smooth and for which Z 0 is a smooth reduced curve. Then
, O I 0 is a vector bundle over S 0 with fiber (4.12)
(4.13) Theorem: Let ∆ be the unit holomorphic disk with parameter t and suppose that we are given a mapping
such that, for each t ∈ ∆ , the threefold X t defined by the zero-scheme of
is smooth and that A 0 in (4.11) deforms to a family of abelian varieties
over ∆ . Then, for t sufficiently small, there is a family of curves on X t generating A t via the Abel-Jacobi mapping. Proof: We let X ⊆ ∆ × P be the family of threefolds, let E also denote the pullback of E above to ∆ × P , and let s denote the section of E defining X. We now have the relative Hilbert scheme:
Let I ′ denote the ideal defining the scheme I. Let
denote a basis for a subspace of Ω 1 J ⊗ O S 0 which maps isomorphically onto the kernel of the morphism
in Lemma (4.9). The g i define a smooth analytic space
equations, in fact, there is a natural obstruction map
which must be injective by the maximality of the scheme I ′ defined by the ideal I ′ . In fact, since {Z 0 } is a general point of S 0 , we have an injection (4.14.1)
of vector bundles over a small open polydisk D 0 in S 0 containing {Z 0 }. Also Nakayama's lemma implies that, if (4.14.2)
give a framing for the vector bundle I ′ /m ({0}×D 0 ) I ′ , then the set
is a minimal set of generators for the ideal of
Using (4.10) and (4.14.1) we have a natural composition (4.15.1)
where the first map is (fiberwise) injective and the second is surjective. Shrinking D 0 as necessary, the Proposition (D.1) implies that there is a sub-bundle
of rank equal to codim {0}×D 0 (I ′ , X ′ ) generated by curvilinear obstructions, that is, by the images of compositions
where t n+1 generates the pullback of I ′ via a mapping
for a disk ∆ ′ with parameter t ′ . We use (4.15.1) to form the composition
Theorem (2.4) says that all such composite maps are just the composition of a Kodaira-Spencer map (4.15.2)
and the infinitesimal Abel-Jacobi map (4.15.3)
But in the T 1 -lifting construction in Appendix C the sub-Hodge structure A ∆ ′ n extends to a sub-Hodge structure A ∆ ′ n [ǫ] in the case at hand. So the map
is zero. Thus composition of (4.15.2) and (4.15.3) is zero. So:
Thus the above inequality is actually an equality, and S 0 is a codimension-one subvariety of some component of I ′ red. . So, in particular, the general curve parametrized by S 0 is the specialization of curves on the nearby X t , which completes the proof.
The weak point of Theorem (4.13), in addition to the fact that it is only a variational result, is the hypothesis that the generic curve Z 0 of the family parametrized by S 0 is unobstructed in P , i.e.,
That this condition is necessary for the proof is shown by the following example due to C. Voisin. Let Z 0 be the generic projection to P 3 of a canonical curve of genus 5 and let X 0 be the most general quintic in P 4 which contains Z 0 . Let A 0 be zero. In this case I ′ = S 0 = P 1 , and Z 0 moves in a basepoint-free pencil on a smooth hyperplane section of X t . However a constant count shows that the generic quintic threefold contains only a finite number of curves which can specialize to curves in I ′ . The problem is that Z 0 lies in two components of the Hilbert scheme of curves (of genus 5 and degree 8) in P 4 , one corresponding to full canonical embeddings of curves of genus 5 and the other obtained by deforming the line bundle used to imbed Z 0 to a general line bundle of degree 8. (One might be tempted to reimbed X 0 "more positively" in some "bigger" P to achieve the unobstructedness of Z 0 in the new P , but then, of course, one loses the vector bundle E.)
Notice however that the above conditions is always satisfied if, for example,
is a rational curve. So perhaps the above result may be useful in studying continuous families of rational curves on K-trivial threefolds.
Appendix A. Kuranishi theory and transversely holomorphic trivializations
We interpret the Newlander-Nirenberg-Kuranishi theory of deformations of complex structures (see [Ku] and [GM] ) in terms of "transversely holomorphic" trivializations of a deformation. Let (A.1)
will be called transversely holomorphic if all its fibers are complex holomorphic disks meeting M 0 transversely. If σ is a transversely holomorphic projection, the diffeomorphism 
Proof: Choose a C ∞ -section of
which, together with P T M 0 , generates the fiber of the projective bundle P T M | M 0 at each point of M 0 . We can choose a covering of M 0 by small open sets W in M , each of which have a coordinate system (u W , t), such that the sets u W = constant approximate the chosen section. Next choose a C ∞ -partition-of-unity {ρ W } on M 0 subordinate to the covering {M 0 ∩ W }. The graph of the projection (A.2) is then given, for (y, x) ∈ W × M 0 , by (A.4.1)
Next fix a point x 0 ∈ M 0 . Use local holomorphic coordinate (A.4.2)ṽ
At each point y ∈ σ −1 (x 0 ) we have, by (A.4.1), that
for some sequences of m × m matrices A i and B i . For new holomorphic coordinates
Repeating this construction, we have at least a formal set of holomorphic coordinates v W on W such that at each point y ∈ σ −1 (x 0 ):
That is, in the cotangent space at points y ∈ σ −1 (x 0 ), the subspace of one-forms of type (1, 0) is exactly the subspace annihilated by the linear operators:
where each c r i,s is some C ∞ -matrix-valued function of x 0 . Since the projection of the complex tangent space given by (A.4.3) determines, and is determined by, the complex structure of M at points of σ −1 (x 0 ) , the uniqueness assertion (A.3.3) is proved.
To prove (A.3.4) writev W = v W + ϑ v W 0 t and repeat the normalization process as above from (A.4.2) forward withv W replacingṽ W .
(A.5) Lemma: The transversely holomorphic trivialization σ distinguishes a subset of the complex-valued C ∞ -functions on M , namely those functions f which restrict to a holomorphic function on each fiber of σ (i.e. functions with a powerseries representation (A.5.1)
where the f i are C ∞ -functions on M 0 ). Furthermore there exist elements
such that a function (A.5.1) is holomorphic if and only if:
Let σ t denote the restriction of σ to M t . A basis for
Finally we have that as operators on functions on M 0 : (A.5.4)
The formulas (A.5.1)-(A.5.3) of the lemma follow directly from the formulas Lemma (A.3) above. For (A.5.4), compute directly in local coordinates 
If we let
then using the partition-of-unity {ρ W } one easily sees that any holomorphic function on
extends to a function in the class (A.5.1). Also, if
restricts to a holomorphic function on M n , for k ≤ n we havē
We next ask which sequences ξ j ∈ A 0,1 T M 0 come from a trivialization of a deformation (A.1). Before answering this question, we need to make precise the various actions of an element ξ ∈ A 0,k T M 0 on A p,q (M 0 ). We write the action via contraction as
and "Lie differentiation" as
The sign is so chosen that, writing any element of A 0,k T M 0 locally as a sum of terms ξ =η ⊗ χ for some closed (0, k) -formη and
Also we compute
So, using this local presentation for
we can define 
(A.7.2) Two integrable series ξ ′ , ξ" give holomorphically equivalent (formal) deformations of M 0 over ∆ if and only if they can be connected by a path of transversely holomorphic trivializations ξ (s) with a path of "flows"
Proof: Using a slight adaptation of the Einstein summation convention, we have ∂ ∂v
So integrability is checked by pairing the above vector fields with
We get that integrability is equivalent to the identical vanishing of
which becomes the system of equations
For (A.7.2), suppose we are given a family transversely holomorphic trivializations of the same M near x 0 in M 0 . Then, fixing x 0 and referring to Lemma (A.3), we have a family of holomorphic local coordinates v W,x 0 ,s , t for s near s 0 such that i) v W,x 0 ,s is also holomorphic in the variable s,
Then we have a family of holomorphic isomorphisms
where the family is holomorphic in s and C ∞ in x 0 . The action of the "infinitesimal gauge transformation"
on the family of operatorsD σ s on M 0 × ∆ is given by the rule
By (A.3.4) all α (x 0 , s 0 , t) occur as infinitesimal gauge transformations for some family of trivializations.
Notice that, in order for the family
to be induced from a trivialization (A.2) however, there is an additional integrability condition, namely the condition on the bracket of the (0, 1)-vector fields in the above proof withτ , but this is automatic.
We have immediately that
Also one easily computes that
(B.4) Lemma: For every transversely holomorphic trivialization, we have the identityD
The almost complex structures given by the "(0, 1)" tangent distributions Proof:
Finally use the basic identitȳ
for ξ of degree one followed by (A.7.1).
Next, suppose M n /∆ n is an infinitesimal deformation of compact Kähler manifolds of (relative) dimension m. From the formulā
is the obstruction to extending M n /∆ n to a family
Appendix C: The T 1 -lifting property .
Then λ (C ′ n ) ⊆ ∆ n and (C.1) gives the extension (C.3)
Then, identifying the kernels that is, the obstruction to extending B n /∆ n to a proper flat family of submanifolds
(See Lemma (1.6)).
We are now ready to compute υ . The diagram (C.3) gives an extension of the trivialization (A.2) to a transversely holomorphic trivialization
.
We write the (1, 0) -vector field
given by this extension. Then the obstruction to extending (C.3) to a diagram (C.5) is given by (C.6)∂ 
∨ is non-zero in the quotient vector space
So the elements (D.1.2) are linearly independent in
So r ≤ dim U .
